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CANONICAL DECOMPOSITION OF A TETRABLOCK 
CONTRACTION AND OPERATOR MODEL 

SOURAV PAL 


Abstract. A triple of commuting operators for which the closed tetra- 
block E is a spectral set is called a tetrablock contraction or an E- 
contraction. The set E is defined as 

E = {(*1, 12, *3) € C® : I—ZX1—WX2+ZWX3 7^ 0 whenever \z\ < 1, |w| < 1}. 

We show that every E-contraction can be uniquely written as a direct 
sum of an E-unitary and a completely non-unitary E-contraction. It 
is analogous to the canonical decomposition of a contraction operator 
into a unitary and a completely non-unitary contraction. We produce a 
concrete operator model for such a triple satisfying some conditions. 


1. Introduction 

A compact subset X of C"" is said to be a spectral set for a commuting 
n-tuple of bounded operators T = (Ti,..., Tn) defined on a Hilbert space T-L 
if the Taylor joint spectrum (t(T) of T is a subset of X and 

lk(Z)|| < lklloo,x = sup{|r(2;i,...,Zn)| : {zi,...,Zn)€ X}, 

for all rational functions r in TZ{X). Here 'R-{X) denotes the algebra of all 
rational functions on X, that is, all quotients p/q of holomorphic polynomials 
p, q in n-variables for which q has no zeros in X. A triple of commuting 
operators (A, B, P) for which the closure of the tetrablock E, where 

E = {(xi,X2,X3) € : l—zxi—r(;x2+5;rcx3 7^ 0 whenever |z| < 1, Ircj < 1}, 

is a spectral set is called a tetrablock contraction or an M-contraction. 

Complex geometry, function theory and operator theory on the tetrablock 
have been widely studied by a number of mathematicians [D la 12 0 0 0 
[HlttllEs] over past one decade because of the relevance of this domain to 
/i-synthesis problem and H°° control theory. The following result from [1] 
(Theorem 2.4 in [T]) characterizes points in E and E and provides a geometric 
description of the tetrablock. 
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Theorem 1 . 1 . A point {xi,X2-,x^) E is in E if and only if l^sl < 1 and 
there exist ci,C2 E C such that |ci| + |c2| < 1 and xi = ci + C2X3, X2 = 

C2 +C1X3. 

It is clear from the above result that the closed tetrablock E lives inside 
the closed tridisc KD^ and consequently an E-contraction consists of com¬ 
muting contractions. It is evident from the definition that if (^ 4 , B, P) is an 
E-contraction then so is its adjoint {A*, B*, P*). We briefly recall from liter¬ 
ature some special classes of E-contractions which are analogous to unitaries, 
isometries, co-isometries etc. in one variable operator theory. 

Definition 1 . 2 . Let A, B, P be commuting operators on a Hilbert space B. 
We say that {A, B, P) is 

(i) an K-unitary if A,B,P are normal operators and the joint spec¬ 
trum (t(H, B, P) is contained in the distinguished boundary 6E of 
the tetrablock , where 

6E = {(X1,X2,X3) E : Xi = X2X3, |X2| < 1 , |X3| = 1 } 

= {(xi,X2,X3) E E : |x3| = 1 }. 

(ii) an isometry if there exists a Hilbert space K, containing B and 

an E-unitary (A,B,P) on JC such that B is a common invariant 
subspace of A, B, P and that A = Hl-^, B = B]’^, P = ; 

(hi) an K-co-isometry if {A*, B*, P*) is an E-isometry ; 

(iv) a completely non-unitary E-contraction if (A, B.P) is an E-contraction 
and P is a completely non-unitary contraction ; 

(v) a pure E-contraction if {A, B.P) is an E-contraction and P is a pure 
contraction, that is, P*"' —>■ 0 strongly as n —>■ 00. 

Definition 1 . 3 . Let {A,B,P) be an E-contraction on a Hilbert space B. 
A commuting triple (Hi, V2, V3) on /C is said to be an E-isometric dilation of 
(A, P, P) if (Vi, V2) H3) is an E-isometry, P C /C and 

/(A,P,P) = P^/(Hi,H2,H3)|h 

for every holomorphic polynomial / in three variables. Here P^^ denotes the 
projection onto B. Moreover, this dilation is called minimal if 

K, = span{/(I/i, V2, Vsjh : heB,fe C[zi,Z2, Z3]}. 

It was a path breaking discovery by von Neumann, [ 12 ], that a bounded 
operator T is a contraction if and only if the closed unit disc B in the complex 
plane is a spectral set for T. It is well known that to every contraction T on a 
Hilbert space B there corresponds a decomposition of B into an orthogonal 
sum of two subspaces reducing T, say B = Bi ® B2 such that r|^i is 
unitary and T\y_^ is completely non-unitary; Bi or B2 may equal the trivial 
subspace { 0 }. This decomposition is uniquely determined and is called the 
canonical decomposition of a contraction (see Theorem 3.2 in Ch-I, [TO] for 
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details). Indeed, T-Li consists of those elements /i E for which 

llT-hll = ||h|| = ||T™h|| (n = l, 2 ,...). 

The main aim of this article is to show that an E-contraction admits an 
analogous decomposition into an E-unitary and a completely non-unitary 
E-contraction. Indeed, in Theorem EH one of the main results of this pa¬ 
per, we show that for an E-contraction {A, B, P) defined on P if Pi © P2 is 
the unique orthogonal decomposition of P into reducing subspaces of P such 
that Plui is a unitary and P\'H2 is a completely non-unitary, then Pi,P2 
also reduce A,B ; is an E-unitary and 

is a completely non-unitary E-contraction. 

The other contribution of this article is that we produce a concrete op¬ 
erator model for an E-contraction which satisfies some conditions. Before 
getting into the details of it we recall a few words from the literature about 
the fundamental equations and the fundamental operators related to an E- 
contr action. 

For an E-contraction (A,B,P), the fundamental equations were defined 
in [ 4 j as 
( 1 . 1 ) 

A-B*P = DpXiDp , B - A*P = DpX2Dp] Dp = {I-P*P)X 

It was proved in [ 3 ] (Theorem 3 . 5 , [ 1 ]) that corresponding to every E- 
contraction [A, B, P) there were two unique operators Pi, P2 in 13 {T>p) that 
satisfied the fundamental equations, i.e, 

A - B*P = DpFiDp , B - A*P = DpF2Dp . 

Here Vp = Ran Dp and is called the defect space of P. Also B{P), for a 
Hilbert space P, always denotes the algebra of bounded operators on P. 
An explicit E-isometric dilation was constructed for a particular class of 
E-contractions in [ 3 ] (Theorem 6 . 1 , [ 3 |) and Pi,P2 played the fundamental 
role in that explicit construction of dilation. For their pivotal role in the 
dilation, Pi and P2 were called the fundamental operators of {A,B,P). 

It was shown in [ 3 | (Theorem 6 . 1 , [ 3 ]) that an E-contraction (A,B,P) 
dilated to an E-isometry if the corresponding fundamental operators Pi, P2 
satisfied [Pi,P2] = 0 and [Pi*,Pi] = [P2*,P2]. Here [81,82] = 8182 - 8281 
for any two bounded operators 81,82- On the other hand there are E- 
contractions which do not dilate. Indeed, an E-contraction may not dilate 
to an E-isometry if [PI'jPi] 7^ [P2*,P2]; it has been established in [8] by a 
counter example. So it turns out that those two conditions are very cru¬ 
cial for an E-contraction. In Theorem 14.41 we construct a concrete model 
for an E-contraction [A,B,P) when the fundamental operators Pi*,P2* of 
{A*, B*, P*) satisfy [Pi*,P2*] = 0 and [Pf^iPi*] = [.^2**)-^2*]- In brief, such 
an E-contraction is the restriction to a common invariant subspace of an E- 
co-isometry and every E-co-isometry is expressible as the orthogonal direct 
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sum of an E-unitary and a pure E-co-isometry, which has a model on the 
vectorial Hardy space H‘^{T>t2,)i where T3 is the minimal isometric dilation 
of P*. 

In section 2 , we accumulate a few new results about E-contractions and 
also state some results from the literature which will be used in sequel. 

2 . The set E and E-contractions 

We begin this section with a lemma that characterizes the points in E. 

Lemma 2 . 1 . {xi,X2-,x^) € K if and only if (cjxi,a;x2,€ E for all 
a; G T. 

Proof. Let (xi,X2,X3) G E. Then by Theorem 11.11 jxsl < 1 and there are 
complex numbers ci, C2 with |ci| -|- |c2| < 1 such that xi = ci -|- 02X3, X2 = 

C2 -|- C1X3. For a; G T if we choose di = uci and d2 = 0JC2 we see that 

|c?i| + |c?2| < 1 and 

wxi = a;(ci -I- C2X3) = wci -|- aJc^(a;^X3) = di -|- d2{uP‘X3) , 

UJX2 = oj{c2 + C1X3) = 0JC2 -I-aJci(a;^X 3 ) = ^2 + diiuj'^xs). 

Therefore, by Theorem 11.11 {loxi,ujx2,uj‘^X3) G E. The other side of the 
proof is trivial. 

■ 

The following lemma simplifies the definition of E-contraction. 

Lemma 2 . 2 . A triple of commuting operators {A, B, P) is an E-contraction 
if and only if 

||/(T,H,P)|| < = sup{|/(xi,X2,X3)| : (xi,X2,X3) G E} 

for all holomorphic polynomials f in three variables. 

This actually follows from the fact that E is polynomially convex. A proof 
to this could be found in [ 3 ] (Lemma 3 . 3 , [ 3 ]). 

Lemma 2 . 3 . Let {A,B,P) be an E-contraction. Then so is {coA,u}B,lj‘^P) 
for any w G T. 

Proof. Let /(xi,X2,X3) be a holomorphic polynomial in the co-ordinates of 
E and for a; G T let /i(xi,X2,X3) = /(wxi,a;x2,w^X3). It is evident from 
Lemma 12.11 that 

sup{|/(xi,X2,X3)| : (xi,X2,X3) G E} = sup{|/i(xi,X2,X3)| : (xi,X2,X3) G E}. 
Therefore, 

\\f{coA,coB,io‘^P)\\ = \\MA,B,P)\\ 

— ll/llloo,E 



Therefore, by Lemma 12.21 {ioA,ioB,Lo'^P) is an E-contraction. ■ 
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The following result was proved in [ 3 ] (see Theorem 3.5 in IS])- 

Theorem 2.4. Let {A, B, P) be an "K-eontraction. Then the operator fune- 
tions Pi and p2 defined by 


pi{A, B, P) = {I - P*P) + {A* A - B*B) -2 Re {A- B*P), 
P2{A, B, P) = {I- P*P) + {B*B - A*A) -2 Re {B- A*P) 


satisfy 


pi{A, zB, zP) > 0 and P2{A, zB, zP) > 0 for all z € D. 

Lemma 2.5. Let{A,B,P) be anK-contraction. Then fori = 1,2, pi{ioA,u)B,io‘^P) 
0 for all a; G T. 

Proof. By Theorem 12.41 

pi{A, B, P) > 0 and p2{A, B, P) > 0 . 

Since {cjjA,cjjB,uj‘^P) is an E-contraction for every cj in T by Lemma 12.31 we 
have that 

Pi{ojA,ojB,oj‘^P) > 0 and P2{ojA,ojB,oj‘^P) > 0 . 


The following theorem provides a set of characterizations for E-unitaries 
and for a proof to this one can see Theorem 5.4 in [ 1 ]. 

Theorem 2.6. Let N_ = {Ni, N2, N^) be a commuting triple of bounded 
operators. Then the following are equivalent. 

(1) N_ is an K-unitary, 

( 2 ) is a unitary and N_ is an "E,-contraction, 

( 3 ) A^3 is a unitary, N2 is a contraction and Ni = N^N^. 

Here is a structure theorem for the E-isometries (see Theorem 5.6 and 5.7 
in m). 

Theorem 2.7. Let V_ = (Hi, V2, V3) be a commuting triple of bounded oper¬ 
ators. Then the following are equivalent. 

(1) V_ is an E-isometry. 

( 2 ) V3 is an isometry and V_ is an E-contraction. 

( 3 ) V3 is an isometry, V2 is a contraction and Vi = H2*V3. 

( 4 ) (Wold decomposition) Ti has a decomposition TL = TLi (B TL2 into 
reducing subspaces of Vi,V2,V3 such that (Hil^j, V2 |'Hi) 

E-unitary and (Hil-i^j, V2|^2) ^sl^) ® pure E-isometry. 
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3 . Canonical decomposition of an E-contraction 


Theorem 3 . 1 . Let {A,B,P) be an contraction on a Hilbert space H. Let 
Hi he the maximal subspace ofH which reduces P and on which P is unitary. 
LetH2 = HQHi. Then Hi,H2 reduce A, B; {A\'n^,B\'^^,P\'n^) is an E- 
unitary and {A\'n.^,B\'n.^,P\'^.^) is a completely non-unitary K-contraction. 
The subspaces Hi or H2 rnay equal to the trivial subspace { 0 }. 


Proof. It is obvious that if P is a completely non-unitary contraction then 
Hi = { 0 } and if P is a unitary then H = Hi and so H2 = { 0 }. In such 
cases the theorem is trivial. So let us suppose that P is neither a unitary 
nor a completely non unitary contraction. Let 


^11 Ai2 
A21 A22 


B = 


Bn 

B21 


Bi2 

B22 


and P 


Pi 0 

0 P2 


with respect to the decomposition H = Hi®H2, so that Pi is a unitary and 
P2 is completely non-unitary. Since P2 is completely non-unitary it follows 
that if X G P and 


llPj^xll = ||x|| = ||P2*"'x||, n = 1, 2,... 

then X = 0. 

The fact that A and P commute tells us that 


( 3 . 1 ) ^llPl = Pl^ll ^12-^2 = Pi^i2 , 

( 3 . 2 ) A21P1 = P2^2i A22P2 = P2A22 ■ 

Also by commutativity of B and P we have 


( 3 . 3 ) BiiPi — PiBii B12P2 — P1P12 , 

( 3 . 4 ) B21P1 = P2B21 B22P2 = P2B22 ■ 

By Lemma 12.51 we have for all w, /3 G T, 

Pi{ujA,ujB,uj^P) = {I - P*P) + {A*A- B*B) - 2 Reuj{A- B*P) > 0 , 
P2{I3A, fdB, f 3 ^P) = (/ - P*P) + iB*B - A*A) - 2 Re / 3 (P - A*P) > 0 . 


Adding pi and p2 we get 

(/ - P*P) - Re uj{A - B*P) - Re / 3 (P - A*P) > 0 


that is 
( 3 . 5 ) 


0 

/ - PfP2 


— Re cj 


- Re /3 


Ai2 — P*1 P2 


112 - .^21 
A22 — B22P2 

Bi 2 — A21P2 
B22 — A22P2 


An - Bl^Pi 
A21 — BI2P1 
'Bn - Al,Pi 
B21 — ^12-Pi 

for all w, /? G T. Since the matrix in the left hand side of (| 3 . 5 p is self-adjoint, 
if we write (| 3 . 5 p as 


> 0 
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( 3 . 6 ) 

then 


R 

X* 


X 

Q 


> 0 , 


(i) R,Q > 0 and R = — Re oj{Aii — B^iPi) — Re / 3 (Rii — A\iPi) 

(ii) X = -^{uj{Au - B*^P2) + uj{Al^ - PfRia) 

+/ 3 (Ri 2 - AI^P2) + - PtM2)} 

(hi) Q = {I- P^P2) - Re a;(Al22 - SI2-P2) - Re /3(R22 - ^22^2) • 

Since the left hand side of ( 13 . 6 p is a positive semi-dehnite matrix for every 
CO and j 3 , if we choose /3 = 1 and /3 = — 1 respectively then consideration of 
the (1,1) block reveals that 

co{Au - RnPi) + id{Al^ - P^Bn) < 0 
for all w € T. Choosing w = ±1 we get 

( 3 . 7 ) (^11 - Bl^Pi) + (Al):i - P^Bn) = 0 
and choosing co = ±i we get 

( 3 . 8 ) (An - Ri\Pi) - (A*! - P*Bn) = 0. 

Therefore, from ( 13 . 7 p and ( 13 . 8 p we get 

An = , 

where Pi is unitary. Similarly, we can show that 

Pn = AtiPi. 

Therefore, P = 0 . Since (A,P,P) is an E-contraction, ||P|| < 1 and hence 
||Pii|| < 1 also. Therefore, by part-( 3 ) of Theorem 12.61 (An,Pn,Pi) is an 
E-unitary. 

Now we apply Proposition 1 . 3.2 of [ 3 ] to the positive semi-dehnite matrix 
in the left hand side of ( 13 . 6 p . This Proposition states that if P, Q > 0 then 
R X 

V* /I > 0 if and only if X = for some contraction K. 

A Q j 

Since P = 0 , we have A = 0 . Therefore, 

a;(Ai2 - B^^P2)+Cd{A*2^ - PfPn) +/3(Pi2 - A^^Ps) + ^(P2*i - A*7li2) = 0 , 
for all w, /3 G T. Choosing /3 = ±1 we get 

a;(Ai2 - P21^2) + w(A^i - PfP12) = 0 , 
for all w € T. With the choices co = l,i , this gives 

Ai2 = P2 *iR2 . 


Therefore, we also have 


71^1 = PiBu ■ 
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Similarly, we can prove that 

Bi2 = ^ 21^2 , ^21 = P 1 A 12 ■ 

Thus, we have the following equations 

( 3 . 9 ) Ai2 = B*^P2 = P*Bi2 

( 3 . 10 ) Bu = ^21^2 ^2*1 = B!^12 • 

Thus from (| 3 . 9 I] . A21 = BI2P1 and together with the first equation in ( 13 . 2 p . 
this implies that 

Bl^Pf = A21P1 = P2A21 = P2BI2P1 

and hence 


( 3 . 11 ) B*2 Pi = P2BI2 ■ 

From equations in ( 13 . 3 p and ( 13 .lip we have that 

B12P2 = T’1^12 , B12P2 = P1B12. 


Thus 


B12P2P2 = P1B12P2 = P1P1B12 = Bi2 , 

B12P2P2 = P1B12P2 = P*PlBl2 = Bi2 , 

and so we have 

P2P^Bl2 = B*2 = P^P2Bl2 ■ 

This shows that P2 is unitary on the range of B^2 which can never happen 
because P2 is completely non-unitary. Therefore, we must have BI2 = 0 
and so B12 = 0 . Similarly we can prove that A12 = 0 . Also from (| 3 . 9 p . 
A21 = 0 and from (I 3 . 10 p . B21 = 0 . Thus with respect to the decomposition 
'H = Hi®n2 

Bn 0 ■ 

0 B22 

So, Hi and H2 reduce A and B. Also {A22, B22, P2), being the restric¬ 
tion of the E-contraction {A,B,P) to the reducing subspace H2, is an E- 
contraction. Since P2 is completely non-unitary, {A22, B22, P2) is a com¬ 
pletely non-unitary E-contraction. 


A = 


An 

0 


0 

^22 


4 . Operator model 

Wold decomposition breaks an isometry into two parts namely a uni¬ 
tary and a pure isometry (see Section-I, Ch- 1 , m)- We have in The¬ 
orem o an analogous decomposition for an E-isometry by which an E- 
isometry splits into two parts of which one is an E-unitary and the other is 
a pure E-isometry. The following theorem gives a concrete model for pure E- 
isometries. Before going to the theorem, we recall the definition of Toeplitz 
operator with operator-valued kernel. 
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For a Hilbert space E let L'^{E) be the space of all S-valued square 
integrable functions on T and let H‘^{E) be the space of analytic elements 
in L?‘{E). Also let L°°{B{E)) denote the space of H(Fl)-valued functions on 
T with finite supremum norm. For (p G L°°{B{E)), the Toeplitz operator 
with operator-valued symbol p is defined by 

: H‘^{E) H^{E) 

T^f) = PiPf) 

where / € H‘^{E) and P is the projection of L‘^{E) onto H'^{E). 

Theorem 4 . 1 . Let {Ti,T2,T'i) he a pure E-isometry acting on a Hilbert 
space H and let Ai,A2 denote the fundamental operators of the adjoint 
(Ti ,T2 ,T3 ). Then there exists a unitary U :'H ^ such that 

fi = U*T^U, fs = U*T^U and fg = U*T,U, 

where ip{z) = + G2Z, 'ip(z) = G2 + Giz, z £ T and Gi , G2 are re¬ 

strictions ofUAiU* and UA2U* to the defect space Vrft- Moreover, Ai, A2 
satisfy 

(1) [Ai,A2] =0; 

(2) [At,Ai] = [A*,A2]; and 

( 3 ) ||AJ + A22;|| < 1 for all z £ 0 . 

Conversely, if Ai and A2 are two bounded operators on a Hilbert space E 
satisfying the above three conditions, then {Tai+A2Z^Tai+Axz-,Tz) on H‘^{E) 
is a pure E-isometry. 

See Theorem 3.3 in [8] for a proof to this theorem. The following dilation 
theorem was proved in [ 3 ] and for a proof one can see Theorem 6.1 in [ 3 ]. 

Theorem 4 . 2 . Let {A,B,P) be a tetrablock contraction on H with funda¬ 
mental operators Fi and E2 . LetVp he the closure of the range of Dp. Let 
1 C = H (B T>p © Vp ® ■ ■ ■ = H ® l‘^{Vp). Consider the operators Vi, V2 and 
V3 defined on 1 C by 

Vi{ho, hi,h2 ,...) = {Aho, FfDpho + F^huFfhi + Fih2,Ffh2 + F^h^,...) 
V2iho, hi,h2 ,...) = {Bho, FfDpho + F2hi,Ffhi + F2h2,Flh2 + F 2 h 3 , ...) 
Vsiho, hi,h2,.. ■) = {Pho, Dpho, hi,h2,...). 

Then 

( 1 ) V_ = {Vi, V2, V3) is a minimal tetrablock isometric dilation of {A, B, P) 
if [Fi,F2] = 0 and [Fi,F;] = [F2,Ff]. 

(2) If there is a tetrablock isometric dilation W_ = (IFi, VF2, IF3) of 
{A, B, P) such that W3 is the minimal isometric dilation of P, then 
W is unitarily equivalent toV_. Moreover, [Ti, F2] = 0 and [Ti, Ff] = 
[^"2,^21- 
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The following result of one variable dilation theory is necessary for the 
proof of the model theorem for E-contractions and since the result is well- 
known we do not give a proof here. 

Proposition 4 . 3 . If P is a contraction and W is its minimal isometric 
dilation then P* and W* have defect spaces of same dimension. 

The next theorem is the main result of this section and it provides a model 
for the E-contractions which satisfy some conditions. 

Theorem 4 . 4 . Let {A,B,P) be an 'K-contraction on a Hilbert space H and 
letFi,F2 and Fi^,F 2* he respectively the fundamental operators of{A,B,P) 
and {A*,B*,P*). satisfy [Fi*,F2*] = 0 and [Ff^,Fu] = [Ff^,F2^]. 

Let (Ti, T2, Ta) on = H ® Dp* © Dp* © • • • be defined as 


'A 

Dp*F2^ 

0 

0 



'b 

Dp* Flit 

0 

0 •••' 

0 

Ff. 

F 2 * 

0 



0 

^ 2 * 

Pi* 

0 ••• 

0 

0 

Ff. 

F 2 * 


, T2 = 

0 

0 

TP* 

^2* 

Pi* • • • 

0 

0 

0 

Ff. 


0 

0 

0 

PI* ••• 












■p 

Dp* 

0 

0 •••' 

0 

0 

/ 

0 ••• 

0 

0 

0 

/ ... 

0 

0 

0 

0 ••• 






Then 

(1) {Ti,T 2,T^) is an K-co-isometry, H is a common invariant subspace 
ofTi,T2,T3 and Ti\-u = A, T2 \h = B and Tsl-u = P; 

(2) there is an orthogonal decomposition /C* = /Ci © /C2 into reducing 

subspaces of Ti, T2 and T3 such that {Ti\ic^,T2\iCi,T3\!Ci) is an E- 
unitary and (Ti|yc;2,T2|^2)^3^2) ® pure K-co-isometry; 

( 3 ) /C2 can be identified with where Vp^ has same dimension 

as that ofVp. The operators Ti\!C2, ^2^2 end cire respectively 

unitarily equivalent to 2g2-i-G];2 cmd Tz defined on 

Gi,G2 being the fundamental operators 0/(Ti,T2, T3). 

Proof. We apply Theorem l 4 . 2 l to (A*, B*, P*) to obtain a minimal E-isometric 
dilation for {A*,B*, P*). If we denote this E-isometric dilation by (Vi*, V2*, V3*) 
then it is evident from Theorem 14.21 that each is defined on /C* = 

H © Pp* © Pp* © • ■ ■ and with respect to this decomposition 
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A* 

0 

0 

0 ..." 


B* 

0 

0 

0 ...' 

F^Dp, 

Pi* 

0 

0 ... 


F*^Dp* 

P 2 * 

0 

0 ... 

0 

TP* 

^2* 

Pi* 

0 ... 

,P2* = 

0 

Pf* 

P 2 * 

0 ... 

0 

0 

77 '* 

^2* 

Pi* ... 


0 

0 

Pf* 

P 2 * • ■ ■ 











- 1 

* 

0 

0 

1 — 

0 

Dp* 

0 

0 

0 ... 

0 

I 

0 

0 ... 

0 

0 

I 

0 ... 






Obviously {T *, , Tg ) = (Vi*, V2*, V3*). It is clear from the block matrices of 

Tj that Ti is a common invariant subspace of each Tj and Ti\-}{ = A, T2 \'h = B 
and T^\u = P- Again since (TfjTgjTg*) is an E-isometry, by Theorem 12.71 
there is an orthogonal decomposition /C* = /Ci 0 IC2 into reducing subspaces 
of Ti such that {Ti\ic^,T2\ici,T3\k:^) is an E-unitary and (Ti|k: 2,T2IAC2,^ska) 
is a pure E-co-isometry. 

If we denote (riki, 22 ku^ 3 |/Ci) by (Tn, ri2, T13) and (Tik2)22k2>^3|/C2) 
by (T21, r22, r23), then with respect to the orthogonal decomposition /C* = 
/Cl © IC2 we have that 


Ti = 


Tu 0 

0 T21 


T 2 = 


Ti2 0 
0 T22 


,T 3 = 


Ti 3 0 
0 T23 


The fundamental equations Ti — T^Ts = Dt^XiDt^ and T2 — = 

Dt^X2Dt^ clearly become 


and 


rj-\ rji 

-^11 “ -‘12-‘13 

0 


0 

0 

0 

rj-\ rji 

-^21 ~ -^22-^23 


0 

^T23 ^12^X23_ 

rj-\ rji 

-112 — -tll-tl3 

0 


0 

0 

0 

rj-\ /T^* ryn 

-122 — -^21-^23 


0 

^T23 ^22Dx23 _ 


^11 

X12 


X21 

X22 


Thus T3 and T23 have same defect spaces, that is Pja and are same and 
consequently {Ti,T2,T3) and (T2I5^22;^23) have the same fundamental op¬ 
erators. Now we apply Theorem l 4 . 1 l to the pure E-isometry (^2*^, TJ2, T2*3) = 
(Tj'k2)^2*k2)^3*k2) and get the following; 

(i) /C2 can be identified with H‘^{T>t2z){= 

(ii) (r2^, ^22,^23) be identified with the commuting triple of Toeplitz 

operators {Tgi+G2z,Tg*+Giz,T2:) defined on where Gi,G2 

are the fundamental operators of {Ti,T2,T3). 

Therefore, Tik2)^2k2 and T3k2 are respectively unitarily equivalent to 
Tg2+GIz and defined on The fact that P^s and Pp 

have same dimensions follows from Proposition 14.31 as is the minimal 
isometric dilation of P*. ■ 
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Remark 4.5. Theorem 14.41 is obtained by applying Theorem 14 . II and The¬ 
orem | 42 ] (which is Theorem 6.1 in a)- Theorem [Q has intersection with 
Theorem 5.10 in [ 4 ]. Theorem 5.10 in [ 4 j gives the form of a pure E-isometry 
stated in Theorem l 4 .ll In Theorem [ 4 T] it has been shown that the operator¬ 
valued kernels ti,T2 associated with the Topelitz operators occurring in 
Theorem 5.10 of [ 4 ] can be identified with the fundamental operators of 
the adjoint of the mentioned pure E-isometry. 

Acknowledgement. The author greatly appreciates the warm and gen¬ 
erous hospitality provided by Indian Statistical Institute, Delhi during the 
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